A finite segment numerical model, in the form of a computer program, for tracing the behavior of reinforced concrete (RC) beams from the initial loading stage up to failure is presented. The material nonlinear behavior is taken into account for both the concrete and reinforcing steel assuming perfect bond and linear strain distribution along the cross section. The effect of shear deformation is accounted for, while the torsional deformations and geometric nonlinearity are ignored. The load is applied incrementally and the equilibrium is ensured for every load step iteratively. The validity of the numerical model is established by comparing the predictions from the computer program with the response data acquired from published laboratory testing for several cases of simply supported beams with various dimensions. The comparison showed that the proposed model is suitable for simulating the bending behavior of simple beams (for a wide range of span to depth ratio); provided that an appropriate model for the reinforcing steel is chosen.
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Introduction
It is well known that the finite element method works well for analyzing steel structures, due to the straight forward constitutive behavior of the material. On the other hand, for materials such as concrete the behavior is basically nonlinear and much more complicated, which limits the capabilities of the finite element method in this latter case. The nonlinear response of RC is caused by two major effects, namely; cracking of concrete in tension, and yielding of the reinforcement or crushing of concrete in compression.
Many researches applied the finite element method to analyze RC beams. They discussed the finite element technique in two phases: 1) In-plane mesh technique [1] [2] [3] [4] where the main concept of finite element model is to subdivide the domain of integration into a discrete number of small finite regions.
It will be possible to adopt simple functions to represent the local behavior of that region. 2) Finite segment technique [5] [6] [7] where the structural elements are divided into small segments. Every segment has a constant section property. It is assumed that the cracking in section means that the segment is fully cracked. Cross section properties can be determined by the (fiber model) [5 and 8] or (layered element model) [9 and 10] . In fiber or layered models, the models are based on satisfying equilibrium of stresses and compatibility of strains at all fibers of the cross-section.
The classical flexural beam theory cannot be used to understand the structural behavior of RC beams. Accordingly, there have been continuous experimental and analytical studies to investigate the behavior and develop design methods for RC beams.
Up till recent years, the behavior of RC beams under different circumstances still receiving the attention of many researchers. Kara and Dundar (2009) [11] prepared an analytical model to study the effect of loading types and reinforcement ratios on the stiffness and deflection of RC beams. Stramandinoli and La Rovere (2012) [12] presented a numerical model with the aim of capturing 89 the combined shear and flexural behavior of RC beams, using a finite element model based on the Timoshenko Beam Theory. Based on the finite element method, different tension models were presented by Dede and Ayvaz (2009) [13] to compute the ultimate load capacity of RC beams. Some experimental investigations were carried out to study the behavior of high strength concrete beams failed in shear by Cladera and Marí (2005) [14] .
The primary objective of the present study is to establish and demonstrate convenient, and reliable material models, and to develop a simple methodology for the nonlinear analysis of RC beams. The validity of the proposed models is verified by comparing the analytical predictions with results from previous experimental studies.
Numerical model
The proposed model to study the nonlinear behavior of RC sections under the effect of axial forces and bending moments is presented in this section. The model is based on satisfying both the equilibrium of stresses and compatibility of strains at all fibers of the crosssection.
Material models
In this study, bilinear stress-strain models are chosen for both the concrete in compression and reinforcing steel. The tension stiffening of concrete is also taken into consideration. All material models in the present work are extensively illustrated by Chen [15] .
Concrete in compression
The material model for concrete in compression is shown in Fig. 1 . In this case, the compressive stress is given by [15] ; 
Steel models
The elastic-perfect plastic (EPP) stress-strain model for steel is shown in Fig. 3 . In this case; the stress both in tension and compression is given by [15] ;   The elastic-plastic hardening (EPH) model shown in Fig. 4 is appropriate for cold-worked steel reinforcement that doesn't exhibit a distinct yield plateau [15] . In this case; Figure 4 : Stress-strain model for rebar [15] .
Reinforced concrete section model
The proposed numerical model for nonlinear analysis of a RC section subjected to an axial load N z and bending moment M x is presented herein. The model is based on the following assumptions: 1) Strain distribution is assumed to be linear along the section while the stress distribution is nonlinear. 2) Perfect bond between concrete and reinforcing steel is assumed. 3) Deformation due to torsion is neglected. (6) 3) Divide the section into a number of identical layers with a width b and a constant depth dy. Then, calculate the strain at every layer depending on its distance yi from the top edge of the section. Steel strains both in tension and compression are to be computed too; depending on the distances d and Dd from the upper edge, respectively. (7) 4) Calculate the stress and elasticity modulus E C for every concrete layer, as well as for the steel layers resulting from the computed strains. 
6) Solution steps from 2 to 5 are repeated with the most updated section properties, until an error tolerance of 0.01 for both EA and EI is achieved; provided that the compression strain of concrete at the top edge does not exceed 0.0035. A and I z are computed at the start and end for every segment, then the average values are taken as the segmental properties that will be used in the subsequent steps of the analysis.
Force-Displacement Relationship
Element stiffness in local coordinates
Referring to Fig. 6 -a, the force displacement relationship of a plane frame element in local (12) According to Dundar and Kara [16] , the stiffness matrix [K] can be modified to consider the effects of shear deformations as follows: 
Shear angle
As shown in Table 1 , the effective shear modulus G eff depends on the type of RC element, [16] . Table 1 : Effective shear modulus G eff for RC elements, [16] .
Element type
Effective shear modulus Beams and frames 
Iterative solution
The nonlinear nature of the force displacement relationship requires an iterative solution procedure. The computations in this work are carried out using a linear stepwise load-incremental method. The load is applied in a series of small increments, and for each of these increments, the changes in deformations and internal forces are determined. The tangent stiffness matrix, based on the values of axial and flexural rigidities existing at the beginning of any step, is used to calculate the change in the deformation caused by the load increment. Mathematically, this can be expressed as      Where;   i K is the element stiffness matrix, the subscript i refers to the element number, and n is the number of elements. The total displacements and internal forces existing at the end of any step are obtained by summing the incremental changes in displacements and internal forces up to the end of that step. At the ultimate load the stiffness matrix will be singular and the structure will no longer be stable. A summary of the linear incremental method is listed below: Specify the incremental loads   5) Calculate the total value of    ,   P and   F by adding the increments to the existing quantities. 6) Return to step 2 for the next load increment.
Sensitivity analysis
An open source computer program called NAFS was especially written to trace the nonlinear response of RC beams up to failure by finite segment technique. The program code involves all above-mentioned constitutive models, formulations, and solution procedures. A sensitivity study is carried out in this section to find the optimum segment size for the proposed numerical model. The solution technique and computer program will then be verified in the next sections against some previously published test results. A flowchart is given in the Appendix to illustrate the main steps used to find the RC element properties using the finite segment model.
The simple beam tested earlier by dePaiva and Austin, [17] under a uniform load, is reanalyzed by the current model considering different element sizes and the results are shown in Fig. 7 . The abscissa in Fig. 7 shows the number of elements used to model one half only of the symmetric beam; while the coordinate shows both the midspan deflection [mm] and the scalable ultimate load capacity [kN] . It can be seen that the ultimate load is less sensitive to the variations in segment size; when compared with the midspan deflection. The acceptable results of the central deflection could only be achieved when 10 (as an average value) elements were used to model one half the span. For all cases under investigation in this study, the full model of a simple beam comprises a total of 20 finite segments as shown in Fig. 8. 
Verification of the model
In most of current codes of practice, RC beams are classified as deep or slender beams according to their span-to-depth (L/d) ratios. For instance, the span of a deep beam in ACI 318-08 [18] should not exceed four times the overall member depth. The Eurocode-1992 [19] defines the deep beam as a beam whose span is equal to or less than 3 times the overall section depth. The Egyptian code (ECP 203) [20] defines the deep beam as a beam for which the L/d ratio is less than or equal 2.0 for a simple beam, and less than or equal 2.5 for a continuous beam. Fig. 8 , which is subjected to a uniform load, was tested earlier by many researchers [1, 17, and 21] . The dimensions and design parameters for the tested beams are listed in Table 2 . The main reinforcement of the cross section as well as the material properties vary as shown. All cases of tested beams failed in flexure. The experimental results for those beams are compared in Tables 3 and 4 with the theoretical results obtained by the present model. Tables 3 and 4 . The theoretical ultimate load predictions W u were calculated based on EPH and EPP models, described earlier in Sec. (2.1), with material parameters as given in Table 2 . However, for W u computed on the basis of EPHEC and EPPEC models, the stress levels given in Table 2 for both the concrete and rebar were limited to the design parameters and strength reduction factors recommended by ECP 203 Code [20] . This means that concrete characteristic strength is reduced to 45% of its original value; whereas the yield strength of reinforcement is reduced by 13%. Figures 9 through 16 show the comparisons between load-deflection curves for the midspan section in every case, as obtained experimentally and numerically considering the different steel models.
Referring to
Deep beams (L/d ≤ 2):
As shown in Figs 9 and 10 , the theoretical and experimental results are in excellent agreement up till 50% of the test ultimate load. Although all theoretical models showed stiffer behaviors for further loading, yet the ultimate load predictions for some of the theoretical models (such as the plastic hardening EPH and EPHEC models) are in good agreement with the test results. For deep beams, the EPH ultimate load predictions were found to agree with the test results with maximum discrepancies of 13%, as given in Table 3 . Moreover, the EPHEC ultimate load predictions were found to agree with the test results with maximum discrepancies of 21%. Load discrepancies increase up to 32% and 37% for the elastic-perfect plastic EPP and EPPEH models, respectively. However, the proposed model, as listed in Table 4 , was too stiff such that it could not give any satisfactory predictions for the deflection, in this case.
Short beams (2 < L/d < 4):
Figures 11 and 12 describe the theoretical and experimental load-deflection response for two short beams of 2.66 and 3.71 span-to-depth ratios, respectively. As shown by the two figures, although different models were used for the rebar, the theoretical load-deflection behaviors are very close to one another, and agree well with the test results, up till 85% of W test . For further loading, both plastic hardening models of rebar (i.e. EPH and EPHEC) showed stiffer behaviors, whereas both elastic-perfect plastic models (i.e. EPP and EPPEC) showed more realistic behaviors. For both test beams, the most accurate theoretical predictions were also achieved via the elastic-perfect plastic models, as given in Table 2 . For L/d = 2.66, the EPP model gave a zero error prediction, whereas the percentage error in the EPPEC prediction was 12% lower than W test . For the other short beam (L/d = 3.71), the predictions of the same two models (EPP and EPPEC), respectively, were 26% and 11% higher than W test . On the other hand, the EPH and EPHEC predictions were 21% and 9%, respectively, higher than W test for L/d = 2.66. For L/d = 3.71, the discrepancy was much more noticeable and reached 83% and 56% higher than W test , for the EPH and EPHEC predictions, respectively. Table 4 , the deflection predictions still underestimate, if compared with the test results. However, the situation in this case is much better, if compared with deep beams. Elastic perfect plastic models show a relative more flexible response compared to the elastic plastic hardening models, in this case.
As listed in
Slender beams (4 ≤ L/d ≤ 11):
The theoretical and experimental load-deflection responses for 4-slender beams are depicted in Figs 13 through 16. The span-to-depth ratio for the 4-beams is 4, 6, 8.8, and 11, respectively. It can be seen from the figures that all theoretical load-deflection behaviors are stiffer, if compared with the corresponding experimental behavior. However, they are very close to one another for every tested beam. For beams with L/d = 4 to 6, this typical coincidence of the load-deflection curves continues along the entire loading history until the full experimental ultimate capacity W test is reached. For L/d = 8.8 and 11, respectively, it continues up till 97% and 85% of W test . This means that a conservative estimation of the ultimate capacity W u for a slender beam (L/d ≥ 4) can be obtained throughout the proposed model. In this case, the load-deflection response of the beam is to be plotted by the 4-proposed models. The first point at which the theoretical response curves deviate from one another is to be determined. Then, the load level at the deviation point can be taken as a conservative estimation of the ultimate capacity of the beam.
For deflection predictions, it can also be seen from Figs 9 to 16 that the proposed models are more efficient for slender beams if compared with short and deep beams. Deflection estimations at failure are much closer to the test results for slender beams; especially for the elasticperfect plastic EPP and EPPEC models. Among the proposed models, the EPPEC model can be considered as the best for nonlinear analysis of slender beams; because the response curves achieved by that model are the closest to the test results. The greater the span-todepth L/d ratio, the closer the theoretical predictions of deflection to test results. 
Conclusions and Recommendations
A nonlinear analysis of RC beams based on finite segment technique and a direct iterative solution scheme was presented. The presented model takes account for material nonlinearities of concrete (both in tension and compression) and rebar, assuming perfect bond and linear strain distribution along the cross section. Four different nonlinear material models for rebar were considered. The present analysis has the advantage to easily trace the nonlinear response of RC flexure beams along the entire monotonic load history up till failure. The analysis accuracy and efficiency was validated against 8-cases of deep, short, and slender test beams from the literature. From the comparisons and analyses carried out in this work, the following could be drawn: a) Several times, the proposed model could successfully trace the nonlinear response of RC deep, short, and slender flexure beams subjected to monotonic loads up to failure. 
